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Introduction

B Four stages: normality, memory-impaired intermediate,
dementia and death without dementia.

B Motivation: to estimate the transitional probabilities and to
discover risk factors.

B To analyze longitudinal data, we develop the likelihood
function based on a first order Markov chain model.

B We extend from typical illness-death model to a stochastic
model consisting of four stages, and construct a reversible
transition model between normality and memory-impaired
intermediate.
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Notation

B X(s): the stage at time s
mji(s, t) = P(X(t) = 1| X(s) = j) .
_ PIX(H+AD=X()=]] _ 1. mu(t,t+At
Au(t) = lim ar o= e
B Consider time-homogeneous models: \j;(t) is independent of
t, that is, A\j;(t) = Aj;, for any t.
(1) = mju(s, s +T) = m(0,T)
lim mj1(8,5+T+At)—mj(s,5+T)
jl( ) 1%0 At
Aj =D\
1#j
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Kolmogrov's Backward Equation (for continuous-time
Markov chain)

(T + At) — 7 (T Z Tik(At) T (T) — 75(T)

= Zﬂjk At 7Tkl — ( — Wjj(At))ﬂ'jl(T)
k#j

lim le(T + At) — le(T)

At—0 At
o jk(Al) (A =m(AY)
—Ayﬁo{; ar ) =g )
= Apm(T) = Xm(T) (KB)
k#j
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[lIness-death Model

B Model Structure
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[lIness-death Model

B Transitional Probability Matrix

Too 7ol 702
0 7w mi2
0 0 1
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[lIness-death Model

= Apm(T) = Xm(T) (KB)
k#j

Too(T) = —Aomoo(T')
= Wil(T) = —/\17T11(T
o1 (

T) = Xo1m11(T) — Aomor (T)

m00(0) = m11(0) = 1, mp1(0) =0
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[lIness-death Model

B The transitional probabilities are
7T00(T) = 6_)‘0T
ror(T) = 322 [T — ]
Ao — A1
mo2(T) = 1 — moo(T") — mo1(T)
7T11(T) = eiAlT

7T12(T) =1- 7T11(T)

Qi Qi (with Dr.Lynn Kuo)

BMCA



Song et.al (2011) Model

B Model Structure

Normality MI
Stage 1 B > Stage 2
Dementia Death without
Stage 3 Dementia
Stage 4
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Song et.al (2011) Model

B Transitional Probability Matrix

Tl T2 T3 T4
T2l T2 T23  T24
0 0 1 0
0 0 0 1
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Song et.al (2011) Model

T(T) = > Awmwa(T) = \jja(T) (KB)
k#j
m11(T) = Mamar(T) — Mimii (T)
791 (T) = Aorm11(T) — Noma1 (T)
mo(T) = Mamae(T) — Mym12(T)
o (T) = Ao1m12(T) — Aomaa(T)
m3(T) = Mama3(T) + iz — Mymi3(T)
s (T) = Aa1m13(T) + Aoz — Aamas(T)
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Song et.al (2011) Model

B Ao — A1 + ke_()\l-;)QH_kT B Ao — A — k

—Otdg)=k g

m(7) 2% % ¢
A —(A{+A9)+k — (A1 +Ao)—k

7T12(T)=T12(6 1+22+T_6 1+22 T
A3, —Oa+xo)+k —(A1tX9)—k

m3(T) = T(e 2 T_e 2 )

7T14(T) =1- 7T11(T) — 7’['12(T> — 7['13(T)
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Song et.al (2011) Model

7r21(T) _ %(6701?2)#@ _ 67(A1+2>\2)7kT)
moa(T) = )\I_TWSMT — %WGMT
M3 | M3\ — Ao+ k) —Oniagk
m(T) =3, = Pk ) gt
A3 = de— k) bk
212k

7T24<T) =1- 7T21(T) — 7T22(T> — 7T23(T)
where k :\/()\1 - )\2)2 + 4)\12)\21
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SOMI Model, Grober et.al (2018)

B Stages classification

Stages of Objective Memory Impairment Free Recall Total Recall
(SOMI) Scores Scores
s >30 >46
No Memory Impairment
1
(aMCl) 25-30 >46
Subtle Retrieval Impairment
2a
(Prodromal) >46
Moderate Retrieval Impairment
2b 20-24
(Prodromal) 44-46
Moderate Retrieval Impairment and Subtle
Storage Impairment
3
Significant Storage Impairment compatible <20 33-43

with dementia
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SOMI Model, Grober et.al (2018)

B Model Structure

No Subtle Moderate Moderate Significant
Memory Retrieval Retrieval Retrieval Storage
Impairment || Impairment |, | Impairment | | Impairmentand Impa?rmentv
Stage 0 Stage 1 Stage 2 Subtle Storage compatible with
Impairment dementia
Stage 3 Stage 4
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SOMI Model, Grober et.al (2018)

B Transitional Probability Matrix

To0 Mol T2 03  To4
0 m1 w2 m3 T
M1 T2 T3 24
T3] T32 T33 T34
0 0 0 1

o O O
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SOMI Model, Grober et.al (2018)

= Apm(T) = Xm(T) (KB)
k#j

mo0(T) = —Aomoo(T)
701 (T) = Morm11(T) + o221 (T) + Aosms1(T) — Aomor (1)
m11(T) = M2ma1 (T) + Msmsi (T) — Aimia (T)
71 (T) = Aum11(T) + Aazmar (T) — Aaman (T)
m51(T) = Az1m11(T) + As2mar (T) — Agmar (T)
Too(T) = Aormi2(T) + Xoamaz(T') + Aosmaa(T) — Nomo(T)
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SOMI Model, Grober et.al (2018)

12(T) = Mamaz T) — M\m2(T)

T (T) = Aa1m12(T) + Aaams2(T') — Aamaa(T)
759(T) = Ag1m12(T) + Az2maa(T) — Aamaa(T)
To3(T) = Xo1m13(T) + Xoamas(T) + Aozmss(T') — Aomos(T)
m13(T) = Aamas(T) + Aigmas(T) — Amis(T)
mog(T) = Ao1mi3(T) + Aasmsg(T') — Aamas(T)
ma3(T) = As1m13(T) + As2ma3(T') — Asmys(T)

(T) + )\137T32(
( (
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Likelihood

B Our model formulation can be used for both continuous and
discrete-time Markov processes.

B We concentrate here on the discrete case in which we observe
study participants at equally spaced time points (study
waves).
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Likelihood

B Let k denote a time point of observation, £k =0,1,2, ..., K;
k = 0 to denote study baseline.
B Define the following random variable:
(k)(]l) = 1 if a subject i is in stage j at time k and in stage [
at time (k + 1);
(k)(jl> = 0 otherwise, for 0 < k < K — 1.
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Likelihood (first-order Markov transitional probability and
time-independent transitional hazard rates)

Stage
- N W
-
\_
T 1
Stage
- N W
1|
-lﬁ_|

n K-1
L= H 7T11 k‘ ki-f—lyz ( )ng(k),k+1)y§k)( )
i=1 k=0

sk k4 )% Dy (e, b+ 1)% gy (e, ke + 1% @D
v (24)

ok, b+ 1) D oa (e ke + 1% Do (k4 1)
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Likelihood

B Since the 7j;'s are functions of the transitional hazards, A,
parameter estimates of \;; can be computed by using
maximum likelihood methods.

B We will use ordinal logistic regression to investigate what
covariates have significant influence on the transition.
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